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EDITORIAL
Welcome to the sixth issue of the Scottish
Mathematical Council Primary Journal. There is a
definite theme of ‘multiplicative reasoning’ running
through this edition. Sarah Leakey gets things
started with an article entitled, ‘Building better
basics’ in which she illustrates a cyclical process
for developing mathematical understanding,
with a focus on sense-making (allowing pupils
to represent problems in ways that make sense
to them), developing fluency (moving from real
contexts and concrete or pictorial representations
towards increasingly abstract models of the same
mathematical idea) and application (using existing
knowledge and skills in new or unfamiliar contexts).
Sarah begins by considering why some pupils have
difficulty recalling multiplication and division
facts. She suggests this may in part be due to an
over-emphasis on speed and accuracy and argues
for a shift in focus from “answering questions” to
developing “a more connected understanding of the
basics.”

In similar vein, Stuart Welsh describes a ‘cycle
of episodes’ focused on developing conceptual
understanding of division with fractions. Like
Sarah, Stuart highlights the importance of nurturing
pupils’ ability to connect ideas, spot patterns and
relationships, make conjectures and generalise; he
too believes that concrete manipulatives and visual
representations play an integral part in learning

mathematics. However, one interesting difference in
these authors’ views is that whilst Sarah advocates
an approach focused on ‘sense-making’ first, using
concrete and pictorial representations (the “why”),
followed by more abstract representations and
formal notation (the “how”), Stuart argues for
teaching the “how” and “why” simultaneously. Is
this an important difference between sectors? Do
younger pupils need to experience the concrete and
pictorial before the abstract, older pupils less so?
Although we could have easily filled this whole
edition with articles about multiplicative reasoning
(I too offer some thoughts on the learning and
teaching of fractions at CfE Early and First Levels) to
do so may be ill-advised! Jaclyn Andrews and Iona
Coutts offer a refreshing alternative read on ‘Taking
maths outdoors’ and Fiona Allan challenges us to
consider what are, and what are not, appropriate
things to say to children during a maths lesson.

Since joining SMC in 2015 I have been involved in
many exciting projects. Becoming inaugural editor
of the Primary Journal was one of the first, and one
of which I am extremely proud. Though my term as
Chair comes to an end in September, I look forward
to continuing this role and talking to you again next
year. Until then, stay safe and well, everyone!
Carol
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•
•
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Taking Numeracy and
Mathematics Outdoors
Jaclyn Andrews & Iona Coutts

The pandemic has encouraged us to re-examine
many aspects of learning and teaching and,
inevitably, just as society has considered how
aspects of our daily lives can be moved outdoors,
education must do the same. Traditionally, early
years practitioners have recognised the importance
and value of making use of outdoor spaces, but the
current climate has encouraged us all to think about
how learning outdoors can enrich the curriculum
at all levels. On the return to face-to-face learning,
local authorities have been encouraged to provide
more opportunities for outdoor learning and we
have gathered together ideas and support relating to
some effective ways of taking mathematics outdoors.
Why take learning outdoors?

To have the greatest impact, learning outdoors
should not be seen as a ‘bolt-on’ but instead should
be embedded as much, and as naturally, as possible.
Learning outdoors provides children and young
people with opportunities to deepen and consolidate
their learning, but most of all it can be fun, memorable
and can often result in higher levels of engagement.
The impact is maximised where a whole-school
approach is taken to learning outdoors.
‘Well-constructed and well-planned outdoor
learning helps develop the skills of enquiry, critical
thinking and reflection necessary for our children
and young people to meet the social, economic
and environmental challenges of life in the 21st
century. Outdoor learning connects children and
young people with the natural world, with our
built heritage and our culture and society, and
encourages lifelong involvement and activity in
Scotland’s outdoors.’
CfE Through Outdoor Learning, page 7

How to get started

Many of the practitioners we speak to are keen to
take maths outdoors but lack the confidence in
knowing where to start. We recommend simplifying
the logistics of taking learning outdoors and believe
creating an ‘outdoor box’ can support this. This
could be a box or a bag full of items that can be very
quickly lifted and taken outdoors. Some examples of
items that could be included are:
•
•

chunky chalk

ten frames (or egg boxes with ten spaces)



•

lengths of string cut into 1 metre lengths (with
or without marked divisions)

•

stop watches or sand timers

•
•
•
•

measuring tapes

right angle templates
clipboards

cones or other markers to create a boundary

Some establishments have found that painting
permanent markings on the ground can help to make
learning activities run more smoothly. In terms of
numeracy and mathematics, we would recommend
the following markings as these can be used across
levels in many different ways: ten frames, empty
number lines, empty 100 grid, Cartesian axes and
grid, Venn diagram template with 2 or 3 sets, Carroll
diagram template, chessboard.
Choosing what maths to take outdoors

For practitioners who are new to learning outdoors
we would always recommend starting small, perhaps
with a series of short tasks that need little or no
equipment. As experience and confidence grows,
practitioners can plan more ambitious activities.

We have created grids for every level, from early to
fourth, which are mapped to the CfE Experiences and
Outcomes. These grids are packed with ideas that
practitioners can use and adapt to suit their own
learners. As practitioners become more experienced,
they can begin to generate their own ideas, but
the grids can be used to help build confidence and
provide a starting point. Some examples are given
overleaf. The full set of grids for all CfE levels are
available online.

We are aware that outdoor environments vary
widely across establishments, which can affect the
range of natural materials and spaces available to
practitioners and learners. It can be worth gathering
materials from other areas, such as forests, parks
and gardens, to make use of during lessons taking
place outdoors. Items such as leaves, pinecones,
straight-ish sticks and shells are good core resources
to collect. Opportunities to use outdoor spaces and
natural resources should continue beyond the early
years and be used at the middle and upper stages
to introduce and consolidate learning at first and
second levels.
3
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Taking secondary mathematics outdoors
We recognise that the logistics for taking secondary
learners outdoors can be slightly more complex.
It is also true that as mathematical ideas become
more abstract, it takes more imagination to
create meaningful outdoor activities. However,
the Experiences and Outcomes do provide many
opportunities, such as those described in our third
and fourth level grids. Outdoor activities also provide
mathematics teachers with authentic opportunities
to work with colleagues across other subject areas
and bring to life the numeracy skills embedded
throughout the curriculum. For example, subjects
such as Geography and Environmental Science can
provide opportunities for learners to apply their
numeracy and mathematical skills whilst taking part
in outdoor activities.
The following links provide further reading and
practical examples:

•
•
•
•
•
•

Education Scotland – N&M Professional
Learning Community – Outdoor Learning Area
(Practitioner Glow login required)
Full recording of N&M Learning Outdoors
Webinar (YouTube)
10 Tips for Outdoor Learning (nnolscotland.
blogspot.com)
Learning Outdoors Support Team (LOST) – N&M
Ideas
Maths Outdoors | Creative STAR Learning | I’m a
teacher, get me OUTSIDE here!
Transforming_Outdoor_Learning_in_Schools_
SCN.pdf (plymouth.ac.uk)

Authors:
Iona Coutts and Jaclyn Andrews
Email: Iona.coutts@educationscotland.gov.scot
Jaclyn.andrews@educationscotland.gov.scot
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Building Better Basics
Sarah Leakey
Introduction
This article considers why many children seem
to struggle with the ‘basics’, such as recalling and
applying multiplication and division facts, and on
the purpose of solving problems:
•

Is it to get an answer?

•

Or perhaps something else?

•

Is it to build a deeper understanding of the
underlying mathematics, so that this can be
applied to the problem in hand, while building
a solid foundation for solving future problems?

to pupils who do not yet understand the concepts
of multiplication and division, the relationships
between them and their underlying properties.

In similar vein, times tables grids or ‘fact family’
triangles, such as those shown below, are often
used to help pupils solve multiplication and division
calculations.

The answer may depend on what you have come
to perceive over time, through your own personal
experiences, and whether you are an adult or a child.
What’s your starting point?

In my work with pupils in both primary and
secondary schools, particularly those who are having
difficulty recalling and applying multiplication
and division facts, it is useful to reflect on possible
reasons for this and consider a starting point.
It is not uncommon for games, whether they be
board games, online games or some other type, to
be used as a starting point however these are often
too abstract, i.e. they display numerals, expressions
or equations and pupils have to find the answer.

It is assumed that pupils will be
able to generate four number
facts from the triangle shown:

6 × 7 = 42, 42 ÷ 6 = 7,
42 ÷ 7 = 6, 7 × 6 = 42.

However, the pupil who does not yet have a secure
understanding of the operations, and is purely
trying to apply rules, may believe that if you can
reverse the direction of the 6 and the 7 then you
can do the same with the 42 and the 6. Therefore,
they may incorrectly conclude that 6 ÷ 42 = 7 and
7 ÷ 42 = 6. Furthermore, they may wrongly assume
that expressions can be read in any direction, left
to right or right to left, rather than developing a
deep understanding of the commutative property of
multiplication and of why 42 is the solution to both
6 × 7 and 7 × 6.
A cyclical process to develop mathematical
understanding and fluency

This might be fine for pupils who have already
developed a deep sense of what multiplication
and division are. For them, the purpose may be to
improve recall of number facts thus reducing the
pressure on working memory when solving more
complex calculations. However, whilst potentially
enjoyable, such activities may be of limited benefit
6

Whilst reflecting on these ideas, I created an image
(Figure 1) which, to me, represents the cyclical
nature of learning and understanding mathematics
and involves:
•
•

Making sense of a mathematical idea.

Developing fluency
When referring to ‘fluency’, I’m considering this as
the ability to work flexibly, choose an appropriate

Figure 1

•

strategy that suits the problem at hand, solve the
problem efficiently and accurately as well as
reflect on the reasonableness of the solution.

Application – which feeds directly back into
making sense of another new idea by using
existing knowledge and understanding to make
sense of an unfamiliar problem.

In my experience, many pupils are given tasks such as
those described in the ‘What’s your starting point?’
section before they have had a chance to really ‘make
sense’ of the mathematics. Often, the emphasis is on
speed and accuracy over the skills mentioned in the
‘Developing Fluency’ stage. Pupils who simply have
a bank of facts at their disposal, which they have
learned by rote and are trying to remember, rather
than something they have genuinely made sense of,
often struggle to apply their knowledge and connect
prior learning to new learning. However, if the
focus was to change from ‘answering questions’ to
‘building mathematical understanding’, this might
give the teacher freedom to:
•

Ask fewer questions.

•

Spend more time allowing pupils to think for
themselves and discuss their ideas, including
the similarities and differences between, and

•

Spend more time thinking about the types
of problems being posed, the number range
that will be used and how they connect to
the mathematical ideas we hope pupils will
understand.

relative strengths and weaknesses of, their
approaches.

We have been using these ideas across a range of
schools and classes in Highland. The examples that
follow (Figure 2) come from a series of six sessions
delivered by my colleague, Julie Brewer, to P1 and
P2 pupils. Many of these pupils could already skip
count in 2s, 5s and 10s however, initially, they were
not applying this skill to problem solving – they
would instead gravitate towards strategies involving
counting in ones.

Note: The context of the problems in the table can be
adjusted to suit pupils’ interests. The problem type
and number range should be adjusted to reflect the
mathematical ideas you wish your pupils to develop.
For more information on problem types see Carpenter
et al. (2015) and Carpenter et al. (2017).
In the following images, you can clearly see one
pupil’s progression.
To solve the first problem
(4 × 5) they initially start
to draw cars with people
inside but quickly realise
that they can record their
thinking more abstractly
as a skip counting
sequence:
5,

Session 4

10,

15,

20.

Session 5

Main Problem There are __ cars on the road. Each car had __ Ms X buys __ new pencil pots for her classpeople in. How many people are there in the room. In each pot there are __ new pencils.
cars altogether?
How many pencils did she buy altogether?
Question 1

Question 2

Question 3

4 cars, 5 people in each car

8 pots, 2 pencils (per pot)

8 cars, 5 people in each car

8 pots, 5 pencils (per pot)

7 cars, 5 people in each car
Figure 2

Ms X buys 80 new pencils. She shares them
equally between 10 new pencil pots. How
many pencils are in each pot?
7

To solve the second problem (8 × 5) they realise that
they can count on and do not need to start at one
again. In session 1, this pupil needed to represent the
whole problem with materials, counted in ones and,
for each problem, started the count from one again.

In the third problem (7 × 5) they realise that they
can use their answer to the previous problem and
just subtract one group of 5.
An interconnected process
Figure 1 doesn’t really reflect the complexity of what
is happening when pupils are solving problems.
Incorporating it into a series of cogs (Figure 3)
perhaps better reflects the notion that when
solving any given problem, there will be layers
of understanding being utilised that might be at
different stages within that cyclical process. These
ideas then work together in an interconnected way.
For example, if we look at another pupil’s solutions
to the same three problems (see images below and
Figure 3) we can see the different elements of the
mathematics being targeted by the teacher, as well
as the mathematics being utilised by the pupil.

7 × 5:

The pupil drew 7 groups
of 5. They initially counted
in 10s then added on a
group of 5:
10, 20, 30… 35.

Building foundations for future learning
In session 5 of this series of lessons, the pupils had
a problem that involved the same mathematics as in
session 4 but within a different context.

Session 4: (8 × 5) There are 8 cars on the road. Each
car has 5 people in. How many people are there in
the cars altogether?
Solved by counting in 10s: 10, 20, 30, 40.
Session 5: (8 × 5)
Ms X buys 8 new pencil
pots for her classroom.
In each pot there are 5
new pencils. How many
pencils did she buy
altogether?

Solved by counting in 10s: 10, 20, 30, 40.

4 × 5:

The pupil represented the 4 cars and drew 5 people
in each car.
They then counted in 5s: 5, 10, 15, 20.

8 × 5:

They
drew
8
groups of 5 with
a more abstract
representation (dots
instead of people).
When counting, they
joined two groups of
5 together to count
in 10s: 10, 20, 30, 40.
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While the strategy to solve the problem is the
same for both (counting in 10s), there has been a
change in how they have recorded their thinking.
This change potentially makes it clearer to see the
doubling and halving relationship the pupil has
used to solve the problem. This might lead to other
pupils spotting this relationship more easily and/
or it might be utilised in a discussion facilitated by
the teacher, if this was something that the teacher
wanted to draw out. Indeed, such problems are a
rich means by which mathematical thinking can
be developed, compared to learning experiences
focused on the recall of abstract multiplication facts
or the games described previously. Many pupils
(including many secondary pupils) get stuck using
inefficient strategies such as counting, or simply
memorise multiplication and division facts without
necessarily understanding them. In my view, such
pupils miss out on opportunities to make sense of
the bigger mathematical ideas that can be developed

Figure 3

simultaneously using a problem-solving approach.
The pupil’s strategy in session 5 is a case in point.
This thinking utilises a useful mathematical property
that the pupil seems to have implicitly become aware
of through their drawings – the associative property.
This could lead to a more formal understanding of
doubling and halving strategies that can be used
to solve certain problems more efficiently, and
the more general idea that factors can be split
multiplicatively. Along the way, pupils can develop
more formal notation for recording their ideas. For
example, the pupil’s thinking above could have been
recorded as follows:
8 × 5 = (4 × 2) × 5 = 4 × (2 × 5) = 4 × 10
8 × 5 = 4 × 10

Whilst this type of recording wouldn’t be expected or
appropriate for a P1 or P2 pupil, this is where their
thinking is leading.
Conclusions
When considering the ‘basics’ I feel it is important
to move beyond the idea of simple recall. There is
no denying that the ability to recall multiplication
and division facts is useful (Willingham, 2009) but
if we try to use that as our starting point aren’t we
depriving our pupils of opportunities to develop a
deeper understanding of bigger mathematical ideas?
Ideas that will help them build a more connected
understanding of mathematics and therefore
not only help them to recall those facts (National
Research Council, 2001) but also put them in a
better position to solve unfamiliar problems in the
future, no matter their age and stage.
Note:

For simplicity, these ideas have been explored
through the context of multiplication and division,
but the general ideas apply to other areas of maths

too. Furthermore, within the cyclical process
described, only one element of ‘Making Sense’ has
been highlighted since it was beyond the scope of
this article to explore the others.
More information about these ideas can be found
by accessing the session delivered at the 2021 SMC
Conference: https://youtu.be/TVsjeXGJw84

For more information about teaching through
problem-solving in general see Takahashi (2021).
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To say, or not to say,
that is the question!
Fiona Allan

Don’t say that!

Have you ever told a child a rule in Maths that will
not work later in their school career? I know I
have. Recently, I stopped myself saying to our fiveyear-old granddaughter, who was doing a page of
subtractions, ‘You always take the small number from
the bigger number’. That was true in the exercise she
was working on, but it will not always be true. There
are many rules that we give to children that do not
work as they move upwards through the school but
which are true at the stage we say them:
•

The more digits there are, the bigger the number.

•

To multiply by 10, simply add a zero to the end
of the number.

•
•
•
•

•

23 is bigger than 4 and 135 is bigger than both
23 and 4, but 0.0005 is smaller than 4
35 × 10 = 350 and 456 × 10 = 456
but 0.01 × 10 ≠ 0.010

To divide by 10, take off the last number and
that becomes the remainder.
269 ÷ 10 = 26 r 9 but 0.03 ÷ 10 ≠ 0.0 r 3

When you multiply two numbers together, you
always get a bigger number.
5 × 6 = 30 and 55 × 6 = 330 but 5 × 0.6 = 3
Multiplication is always repeated addition.

4 × 3 = 3 + 3 + 3 + 3 but 34 ≠ 3 + 3 + 3 + 3

A variable always represents a specific unknown
as in 3 + x = 6.

This rule stops working when a learner
encounters y = mx + c.
You cannot have a percentage over 100% (see
panel alongside).

Don’t imply that!

The language we use can also cause children to
misunderstand what we are asking them to do.
For example:
•
•
10

”

Implying or saying ‘Guess the answer’ when we
really want children to estimate an answer.
Talking about ‘reducing a fraction’ instead
of ‘simplifying a fraction’ leading to children

•

•

thinking that the fraction becomes smaller
when we simplify it.
Talking about the top number and the bottom
number in a fraction instead of the numerator
and the denominator and so implying that a
fraction has two numbers in it, rather than being
a number represented by two digits.

Talking about moving the decimal point when
multiplying or dividing by 10. The decimal point
does not move, the digits do!

One thing that saddens me is when learners think
the equals sign simply means ‘this is the next step in
my working out’. For example, pupils write
2 + 3 = 5 + 6 = 11 × 7 = 77.

I believe this starts when they are given calculations
like these to do in primary school:
2+3=
4+6=
10 – 7 =

and someone says ‘2 + 3 makes what?’ or ‘What do we
get when we take 7 away from 10?’ The meaning of
the equals sign is never explored or mentioned. It is so
easy to say something from which a child infers a rule.
And, I have taught many older students who
believed that there can never be a negative sign at
the beginning of an equation, for example:
–20x2 – 14x + 6 = 0

because they have never seen such an equation in
their textbooks.
Fractions – ‘they’re about pizzas, aren’t they?’

While observing classes for 16 + vocational students,
I was struck by how many teachers used pizzas to
explain fractions. Indeed, many seem to think that:

‘Pizzas are great for learning about fractions in
mathematics. Using basic pizzas, cut them up into
halves, quarters etc. depending on the fractions
being taught. You can use them very effectively to
do simple fractions or to do mixed or improper
fractions. Visually, the children can easily identify
that seven quarters make one whole and three
quarters. They are also very good for doing
addition and subtraction of fractions too and, if
you’re feeling really brave, division of fractions
where you might have four pizzas divided into
sixths so twenty-four sixths and share these
between six people they’d have four sixths (or
maybe visually two thirds) of a pizza each. This
makes maths (and the tricky and potentially dull
topic of fractions) exciting and motivational for the
children and will guarantee that the lesson, and
hopefully its objectives will stay in their minds.’
[https://freedomtoteach.collins.co.uk/primarymaths-pizza-fractions/]

Every Maths teacher, who has not yet read the
Introduction to fractions at Key Stage 2 from the
NCETM, should be encouraged to do so. Here the
focus is on ‘identifying a whole and part of a whole in
different contexts, as well as exploring some aspects
of these, for example, whether the parts within the
whole are equal or unequal, and the relative size of
a part and a whole.’

‘The word “fraction”, however, is not used within
the segment at all by the children and at no point
do they write using fractional notation (e.g. ¼) or
verbalise the names of any fraction, for example,
“one quarter”. This may seem to be moving very
slowly, but spending time looking at the relative
sizes of parts and wholes gets to the crux of the
proportional aspect of the fraction.’
Learning about shapes

Children learn the names of regular shapes from
when they receive their first shape toy.

Shape posters on primary classroom walls frequently
only contain drawings of regular shapes:

It is easy to reinforce the idea that fractions are
always parts of pizzas as the games at the top of the
next column show.

But thinking of fractions as part of a circle makes
understanding a fraction as part of a whole more
difficult. If children start thinking that a fraction is
part of a whole pizza, it makes it difficult for them to
work out how many children are in a quarter of the
class, where the ‘whole’ can change depending on
how many children are there each day.

Could this be why we see questions in Google like:
•

‘What do I call an irregular quadrilateral with
6 sides?’
11

•
•

‘What is an irregular 8-sided shape called?’

‘Can I call a 6-sided polygon a ‘hexagon’ even if
the sides aren’t equal?’

As a result of teachers drawing triangles with one
vertex at the top, learners may start to believe that
all triangles look like this

They may also believe right-angled triangles have to
look like this:
Indeed, I have heard a learner ask if the first of these
triangles is called a ‘left-angle triangle’ if the second
one is called a ‘right-angle’ triangle.

How many learners believe lines such as those on
the left are parallel but the lines on the right are not?

What does the young child visualise when they
are asked to make ten using counters, when their
previous experience is of counters in shops? What

does the older child visualise when the teacher tells
them to always label their axes?

With the help of attendees at the SMC Conference
in March, I have now compiled a list of over two
hundred words which can be misunderstood in
the Maths classroom, either because they have two
different meanings or sound the same as another
word. Go to:
https://drive.google.com/file/
d/1kJanyOkMl5fer0a-FHpeue3nMlwnYHUk/view
Do say this!

What about these lines?

Words with two meanings

Or these?

Did you hear about the mathematician who’s afraid of
negative numbers?
He’ll stop at nothing to avoid them.
Mathematical language is important and,
unfortunately for our learners, English is a language
where many words have multiple meanings. It is not
unusual for words to have several slightly different
meanings, but English also has many homonyms as
well. Homonyms are words which have the same
spelling and pronunciation but different meanings.
They can be separated into two groups, homographs
(same spelling) and homophones (same sound).
The classic example in English is ‘there’, ‘their’ and
‘they’re’. You can put a date at the top of your page
of work, but you can also eat a date and a page can
be the servant of a king. All this can confuse the
native speaker and can make life difficult for anyone
learning English as a second language. A further
complication can be words that sound the same in
different languages. For example, in Basque, ‘hotz’
means cold, and ‘beter’ is Turkish for ‘worse’.
When we enter the Maths classroom, we meet
many words that have a different meaning inside
the classroom from outside. Have you ever
overheard a group of maths teachers talking about
differentiation or integration? Are they talking
about the same thing as a group of History teachers
using the same terms?
12

A few years ago, Richard Churches and I led a
large randomised controlled trial Raising Maths
Attainment through Enhanced Pedagogy and
Communication which compared adult learners
taught by three groups of teachers:
•

•
•

learners whose teachers were trained in
approaches to hypnotic language and body
language, as they appear in the NLP (neurolinguistic programming) model, and who had
also had two Maths professional development
sessions;

learners whose teachers participated in two
Maths professional development sessions;
a control group of learners whose teachers
received no NLP training or Maths PD.

We used government adult numeracy tests to test the
learners before the interventions and afterwards.

The addition of NLP training produced a significant
improvement in maths attainment. The increase in
mean difference for the first group was over three
times that of the control group and approximately
one and a half times that of the ‘maths CPD only’
group. The results suggest that some NLP training
may be helpful to maths teachers where a baseline
of effective pedagogy is in place.

There is a surface structure to language (the actual
words) and a deeper structure (their meaning and
what is suggested). There is a difference between: ‘If
you do this you might...’ and ‘When you do this you
will…’ It is best to avoid implying what you do not
want to happen. ‘Try’ for example implies possible
failure.

The principles of suggestion (as defined in NLP)

It is impossible not to think of something. If I tell
you not to think about sitting on a sunlit beach,
you will find it difficult, if not impossible, not to
think of sitting on a sunlit beach. Similarly, we must
be careful to avoid suggesting the wrong idea to
children as in, ‘I am not going to tell you that you
are going to enjoy this’ or ‘I’m not suggesting you
will understand calculus straight away’. On the other
hand, mentioning or suggesting the desired state of
mind or emotion you would like your pupils to have
can help to encourage that state of mind by bringing
it to their attention. For example, ‘I am curious to
know when you will enjoy matrices?’
If you connect a suggestion to something that is
undeniably true it can make the suggestion more
likely to be accepted. ‘Completing this activity means
that you will find the next one easier.’ ‘Now that you
know you can work out equivalent fractions and you
know percent means ‘out of 100’ you will be able to
turn simple fractions into percentages.’

examples?’ ‘Which maths worksheet would you like
to do for homework?’ ‘Would you like to use the
traditional method, or would you like to use the
grid method?’ In each case, it does not matter to the
person giving the choice which approach the pupils
use.
Conclusion

The State of Speaking in Our Schools report says that
talk is ‘the most powerful tool of communication in
the classroom and it is fundamentally central to the
acts of teaching and learning’. With this in mind, we
need to be aware of what we say to our learners –
and of what they hear, or think they hear!

Adding a ‘yes tag’ (isn’t it, doesn’t it, wouldn’t it, can’t
it?) after a suggestion, particularly at the end of a
sentence, makes it more likely to be accepted. This
works even better if you nod while you do it. ‘Your
group had the correct answer 36. Now you could
make up similar questions, couldn’t you?’ ‘This is a
quick way to do this calculation, isn’t it?’
Choice with no choice

This was a technique which I had used for many
years before I encountered NLP. If you give a learner
or group of learners a choice, they then have
ownership of their choice and, hopefully, are willing
to continue with their choice. ‘Would you like to do
the odd numbered examples or the even numbered

Author:
Fiona Allan
Email: fiona.m.allan@gmail.com
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Teaching for Understanding: Division with Fractions
Stuart Welsh
I found one of my Primary School Maths jotters
recently. It was hiding behind the Lego in the loft of
my parents’ home. Flicking through the pages, I was
struck by a feeling of pride that by Primary 6 I was
filling page upon page with fraction calculations. All
four operations were present, the digits dutifully
etched in blunt pencil, each doing their best to
occupy one faded blue square. Best of all, they were
all correct!
I was so good at Maths! Or so I thought.

It was all so mechanical, so algorithmic. Looking
back, I didn’t have a clue why the answers were
what they were. Or even why the various algorithms
for the four operations worked. Just that they were
correct and that was all that mattered.

Fast forward to my first few years of teaching.
There I am, the fraction master, presenting the
same processes and algorithms to my classes. After
some practice, the pupils were even getting them
correct. However, I noticed (more often than I was
comfortable with) that some pupils would mix up
the algorithms or perform wild hybrid versions of
them. Even more uncomfortable were the moments
when pupils would ask me questions like, “But Sir,
why do we need a common denominator for add
but not multiply?” or “Why do we flip the second
fraction and not the first?” or the killer “But why
does it work?” I was determined to have answers to
these questions that went beyond “Because that is
just how we do it.”
A slight side note

I am experienced enough now to realise that nothing
in mathematics teaching is black and white. There is
no best way or right time. Everything is a shade of
grey. Yes, there are better times and better ways but
these depend on the experience of the teacher, the
pupils and so many other factors. If we had a “right”
way then we’d all be doing the same and pupils’
performance would be uniformly excellent.
I was taught the “how” but never the “why”. I had
enough awareness (and “botheredness”) to figure
out the “why” for myself, but I suspect that I am
in the minority. Maybe, “how” before “why” is the
appropriate order. Demonstrate and drill the
algorithm, practise to the point of fluency then go
back and address the “why”. So long as we do go
back and address the “why”. Or maybe it should be
the other way round? Explore, experiment, discover,
make sense, generalise then formalise. You will find
ardent supporters in both camps. Each side willing
to argue the case for their approach.
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Concrete manipulatives and visual representations
are by no means new to teaching mathematics, but
they have seen a surge in popularity over recent
years. I believe these representations play an integral
part in the learning and teaching of mathematics,
but they must be used in a way that connects the
“how” to the “why” and in a way that helps pupils
build conceptual understanding of the topics being
studied. We must consider whether the models
we present to pupils can generalise to the formal,
written, abstract methods we eventually want them
to adopt. If not, discontinuities here will only lead to
confusion.
Back to business

The topic of Fractions is vast and extends from
recognising half of a shape, through fractions of
an amount, the four operations, ratio, decimals,
equations, scale factors, algebraic fractions to partial
fractions and beyond. In this article, I have chosen to
focus on division with fractions. It feels a little like
I’ve jumped in at the middle, but I wanted to explore
what I feel is a difficult part of mathematics to teach
for understanding and to make the case that it is
entirely possible to use visual methods and abstract
notation simultaneously to teach the “why” and
the “how” together. Yes, we expect pupils to think
and use their awareness to make sense of what is
happening but carefully prepared, sequenced and
delivered instruction will provide all the scaffolding
they need to build conceptual understanding.
What follows here is an outline of a learning episode
that begins with the known process of dividing two
integers and ends with the general result:

Along the way, I will represent (some) of the
calculations using coloured rods and I have
included a commentary/dialogue to aid the reader.
A familiarity with coloured rods is assumed and is
essential for this learning episode to be successful.
Concentration and attention are required from
pupils and working with rods must not be seen as
a novelty or distraction. Coloured rods can be used
effectively to teach mathematics from early Primary
well into Secondary. Feel free to get in touch with me
if you would like to know more about using coloured
rods to teach mathematics.
All images in this article were created using the
wonderful www.mathsbot.com website and are used
with permission. Thanks, Jonny!

Two models of division
Before going anywhere, we need to be clear on the
distinction between partitive division (sharing) and
quotative division (grouping). The distinction is
important if pupils are to understand division with
fractions.
Take 6 ÷ 2.

In a partitive (sharing) model of division (Fig. 1), we
are asking the question: “When we divide six into
two groups, how much is in each group?” Or, in other
words: “If we share six objects between two people,
how many does each person get?”

3) Model solving the new problem using concrete or
pictorial representations.
4) Complete the new problem using abstract
notation.

Pupils need to see the abstract notation alongside
the concrete from the very beginning to allow them
(when ready) to leave the concrete behind and use
only the abstract.

5) Repeat steps 2 to 4 with further examples of the
new problem. The examples should develop using
variance and invariance, i.e., holding all but one
element in successive examples the same. Pupils
should be encouraged to look for connections and
relationship and to make conjectures.

6) Once pupils see the desired relationships, they
should be asked to predict the answer to the next
example(s), each time checking their predictions
using concrete or pictorial representations.
Fig. 1

A representation of 6 ÷ 2 under
Partitive Division.

In a quotative (grouping) model of division (Fig. 2),
the same calculation becomes “How many groups of
two are in six?” Or “How many twos make six?”

7) Then we can ask them to generalise their
conjectures using words and symbols.
Start on familiar ground

If required, this learning episode can begin with
divisions that result in whole-number answers.
Teacher: What are we asking here?
10 ÷ 2

Pupils: We’re asking how many twos are in ten.

Fig. 2 A representation of 6 ÷ 2
under Quotative Division.

For our purposes, we want to consider the Quotative
Model of division. We are going to tackle calculations
such as
and we need pupils to see this as us
asking, “How many quarters are in two-thirds?”
This learning episode consists of a series of “cycles”.
Each successive cycle leads on from the one before. I
can not tell you how long this learning episode should
last as the time required will depend on the pupils. It
will likely be several “lessons” and could take up to
one week. However, I will say that moving on before
pupils are ready will greatly reduce the likelihood
that pupils form the conceptual understanding that
we are aiming for.
Each cycle follows the same pattern:

1) Start with something the pupils know, understand
and believe to be true.

2) Present a new (but related) problem using formal
abstract notation.

We are not interested in answers at this stage, but
we could take a moment to model this calculation
using coloured rods.
T: Let the white rod represent one. Show me ten.
Pupils show the orange rod.
T: Now show me two.

Pupils show the red rod.

T: Use the rods to show me how many twos are in ten.

Pupils create the following (Fig. 3) showing clearly
that there are five “reds” in an “orange”, i.e., that
there are five twos in ten.

Fig. 3

10 ÷ 2 = 5

10 ÷ 2 = 5 modelled using coloured rods.

This should be repeated as many times as required
until the teacher is confident that all the pupils can
represent divisions involving whole numbers in this
way. Be sure to highlight that we must choose a rod
that allows us to represent our divisor.
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Dealing with remainders

Dividing integers by fractions

This can be difficult for pupils to grasp and will go
misunderstood for years until the same issue of
remainders appears with algebraic division much
later. Here is an opportunity to tackle the difficulty
from the outset.

T: What are we asking here?

T: What are we asking here?

10 ÷ 3

P: How many threes are in ten.

Teacher models this using the rods (Fig. 4).

Fig. 4

P: How many halves are in one?

This can be modelled with coloured rods but here,
as we often do, we must redefine which rod is to
represent “one” (Fig. 6) such that we have a rod that
will represent our divisor.
T: Now if we choose the red rod to equal one, what
does that make the white rod?
P: One half.

10 ÷ 3 modelled with rods.

T: We can see that there are three threes in ten. But
three doesn’t fit exactly into ten. There’s a little bit left.
But what is this little bit?
At this stage, pupils will often say there’s a remainder.
So the answer is three, remainder one. But we want
them to go beyond this and think hard about the
original question. How many threes are in ten? We
can see that three threes fit within ten and that four
threes would be too big. We want pupils to see that
ten is three threes plus a bit of a three. How much of
a three? Bringing in a white rod and comparing it to
the green (Fig. 5) will provide a satisfying answer,
allowing pupils to see that there are three and one.
third threes in ten. i.e.

Fig 6

modelled using rods where red is one.

At this stage, begin a sequence of questions similar
to the previous sequence. Use the rods as often as
necessary, so that pupils can build on what they
have seen to be true in the concrete representation,
but remember that each calculation should also be
written out fully using abstract notation. We aim to
move the pupil’s attention away from the concrete
and towards the abstract. By carefully varying one
element of the calculation and holding another the
same, we can draw the pupil’s awareness to the
underlying patterns and structures. Teachers should
use as many examples as necessary until they are
confident that all pupils are forming representations
of what is happening.
Often, as “experts”, we see a general property very
easily and forget that the pupils (novices) are often
only seeing a particular case. The sequence of
questions begins…
T: What do you notice?

Fig. 5 10 ÷ 3 modelled with rods showing that the
“bit” leftover is one-third of a green, i.e., one-third
of three.
Again, this should be repeated as many times as
necessary until the teacher is confident that all
pupils can represent divisions with “remainders” in
this way. Particular emphasis should be placed on
comparing and expressing the missing “bit” in terms
of the divisor.
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T: What do you think the answer to this is?
P: Seven
T: Can you explain why?

P: The answer is always the number in the
denominator

T: Prove to me using the rods that the answer is seven.
(Fig. 7)

Notice that the sequence of denominators increasing
by one has been broken. We do this to prevent the
pupils from focusing on the fact that the solutions
are increasing by two. Our aim here is to see
connections between calculations rather than spot
patterns in the solutions.
T: What do you think the answer to this is?

Fig. 7
modelled using rods where
black represents “one”. Pupils can “see” there are
seven sevenths in one.

T: What about this? Here, we’ve chosen n to represent
any number.
P: The answer will be n
We’ve reached our first milestone and the next cycle
can begin.
T: What are we asking here?

P: How many halves are in two.

P: Twenty
T: Can you explain why?

P: The answer is always the number in the
denominator times the first number.

T: Prove to me using the rods that the answer is
twenty (Fig. 9)
Fig. 9

The calculation
modelled using
orange to represent one.

The sequence of questioning continues...

This can be modelled easily with coloured rods (Fig.
8) where red represents one and white represents
one half. Pupils can “see” there are four halves in two.
T: Now if we choose the red rod to equal one, what
does that make the white rod?
P: One half.

T: What about this?
Here, we’ve chosen n to represent any number.
P: The answer will be five times n

Fig. 8

modelled with rods where red
represents one.

What follows here is a sequence of examples (each
of which could be modelled with rods) designed to
allow pupils to “see” the next general result:

T: What about this? Here, we’ve chosen a and n to
represent any numbers.

P: The answer will be a times n
With this generalisation we have reached another
milestone. It is possible to continue until we reach
the generalisation
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So, there is it. A journey through awareness. Pupils
start from something they know and can see to be
true and gradually build knowledge and conceptual
understanding, supported along the way by concrete
and pictorial representations. This approach allows
them to make sense of what is often only presented
in the abstract.

Examine the sequence of questions presented here
and look for the variance and invariance. Think
about the general principles we are trying to expose
at each stage. By encouraging pupils to study specific

cases before moving towards generalisations, they
are developing the mathematical “powers” that will
be of tremendous use to them in the future.
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Fractions: where does it all begin?
Fractions: where does it all begin?
Carol Lyon
Introduction
I always enjoy learning about Stuart Welsh’s
thoughts on maths pedagogy, so it was with great
interest that I read ‘Teaching for understanding:
division with fractions’ ahead of its publication
in this issue. I smiled knowingly through the
introduction, nodded sagely at ‘a slight side note’
and, throughout, applauded his willingness to
tackle what can be a challenging topic to teach, and
to learn. But it was the sentence, “It feels a little like
I’ve jumped in at the middle,” that really got me
thinking. Primary teachers might argue that Stuart
has, in fact, jumped in at the end since most primary
pupils are unlikely to experience ‘Fractions’ beyond
the Scottish Curriculum for Excellence (CfE) Second
Level; applying the four operations to fractions
begins at Third Level with addition and subtraction
of “commonly used fractions” (Education Scotland,
2017). As Stuart rightly points out ‘Fractions’ is
vast. Attempting to cover all things fractions from
pre-school to the point at which Stuart’s article
begins in roughly four pages is impossible, so here
I focus on the early ideas young children have about
fractions, attempt to unpick the CfE Early and First
Level Experiences and Outcomes for Fractions, and
offer some practical suggestions for how we can
help young children develop a deep, conceptual
understanding of this tricky topic.
Early ideas about fractions

Most young children start school with what we might
refer to as a social understanding of fractions. They
may ‘share’ their sweets or toys with others but may
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not appreciate the concept of ‘equal shares’, nor the
need to ‘use up’ the whole amount. They may have
heard adults and siblings talk about ‘my half and
your half’ and attempt to halve an item, by splitting
it into two parts, but be unconcerned about whether
the parts are the same size. Some may associate the
word half with ‘equal parts’ but believe, for example,
that a cake cut into six equal-sized parts will give
six people one half each. Misconceptions like those
below are not uncommon and “need to be defined”
(Dept. of Educ. and Training WA, 2013).

The CfE Early Level Experience and Outcome (E&O)
for Fractions says, I can share out a group of items
by making smaller groups and can split a whole
object into smaller parts (MNU 0-07a). National
Benchmarks linked to this E&O state that, by the end
of Early Level, pupils should be able to:
•
•

split a whole into smaller parts and explain that
equal parts are the same size
use appropriate vocabulary to describe halves

•

share out a group of items equally into smaller
groups.

The key words here are equal(ly), halves and
share. Researchers believe that the concept of ‘half’
requires careful development. Through experiences
such as folding, cutting or pouring to halve, for
example, a piece of paper, a sandwich or a jug of
water, most children will come to understand that:
‘half’ means one part out of two same-sized parts;
the size of the half depends on the size of the whole;
and the same whole can be halved in different ways
(Treacy and Cairnduff, 2009).

Discussion and questioning are essential since this
allows us to scaffold the child’s thinking. Half of the
red heart looks different to half of the pink heart; how
can they both be half? The purple heart shows two
parts, why aren’t they halves? Is there another way to
halve a square? What if there were three equal parts,
would the square be halved? What would you say to
someone who said they had the biggest half? The
latter question may also serve as a useful stimulus
for discussion about ‘roughly half ’ (Is it truly
possible to halve an apple?).
Authors highlight the importance of revisiting
the idea of ‘half’ after the early years. Continuous
halving (for example by halving halves to create

quarters and quarters to create eighths) would seem
like a natural progression but here we are straying
into First Level.
Fractions as division

Fosnot and Dolk (2002) highlight several Big Ideas
about Fractions including “fractions as part/whole
relations” (p137). They argue “it is this relational
thinking that makes fractions so difficult for children”
and believe we should “approach ‘fractioning’ as a
relationship with division right from the start” (p56).
Asking a young child to share a collection of items
fairly between themselves and a partner may seem
straightforward, particularly when prompted to use
a ‘one to you, one to me’ approach until all the items
are used up, but we cannot assume they will naturally
connect the result with having half of the whole
collection each. Reflecting on this, I am reminded
of a story told by Mieke Abels of the Freudenthal
Insititute, University of Utrecht. Mieke set a bar of
chocolate face down on a table and asked a child to
mark it with a butter knife to show halves. The child
drew a line that roughly divided the chocolate bar
into two equal parts. Mieke then turned the chocolate
bar over to reveal the eight ‘squares’ and asked the
child to show her half the chocolate bar. The child
attempted to isolate one ‘square’.

The idea that one half of something can be made up
of more than one piece is a huge conceptual shift for
young children and misconceptions such as those
above and below are not uncommon.
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Getting to grips with First Level
It seems that the further a child progresses through
the mathematics curriculum the more there is to
learn about fractions! The Scottish CfE describes
not just one but three Fractions Experiences and
Outcomes at First Level, the content of which is
substantial. Below, I attempt to summarise MNU
1-07a and 1-07b & MTH 1-07c (Education Scotland,
2017) before discussing the learning and teaching
behind the first seven bullet points in greater depth
(the assumption being that the final two bullet
points will permeate all fractions learning and
teaching, regardless of age and stage).
The Numeracy and Mathematics Benchmarks
(Education Scotland, 2017) suggest that by the end
of CfE First Level pupils should:
•

know how to share a single item equally

•

compare fractions

•

appreciate that the more equal parts a single
item is divided into, the smaller each part will be

•

understand simple equivalences

•

know where simple fractions lie on the number
line

•

use fraction notation (to tenths)

•

use knowledge of multiplication and division to
calculate unit fractions of quantities

•
•

demonstrate their understanding of fractions
using concrete materials and pictorial
representations
use mathematically appropriate vocabulary
when talking about fractions.

Relating parts and wholes

“Activities that require students to colour sections
of pre-partitioned shapes often do not help them
to develop an understanding of the part-whole
nature of fractions” (Treacy & Cairnduff, p27).
Rather, pupils should be given lots of opportunities
to partition a variety of items into equal parts (for
example, halves/quarters/eighths) in different
ways. These ideas can then be extended to create
thirds, sixths (by halving each third), fifths and
tenths (by halving each fifth). Wright et al. (2012)
acknowledge that constructing thirds and fifths can
be challenging for children and suggest that the
emphasis should instead be on “being able to verify
that particular partitions represent thirds and
fifths” through activities such as those illustrated
below (p226). Can the pupil use the first strip to
create sixths? How might they use the same strip
to create ninths? How could the green and purple
strips help them to create tenths? What do they
notice about the relative sizes of different parts of
the same whole?

Throughout, discussion should focus on, for example,
what makes a fifth a fifth, and on naming each equal
part ‘one fifth’. Some pupils may also begin to notice
simple equivalences.
Problems such as the following are ideal for
developing children’s understanding of ‘equal
shares.’

I have 3 bars of chocolate. How can these be
shared fairly between 4 children?

Some may choose to draw diagrams, cutting and
rearranging the pieces to make fair shares. Others
might represent the problem with concrete materials
as in the example opposite.

“I made 3 bars of chocolate with cubes. I made each
bar of chocolate have 4 bits because there were 4
20

children. When I shared them out they got 3 bits each
so that’s fair”.
Here an opportunity arises to emphasise fractions as
division (3 bars of chocolate shared equally among
4 children gives them three quarters each) and
highlight links with multiplication: three quarters is
both ¼ + ¼ + ¼ and 3 × ¼ (Fosnot & Dolk, p137).

Comparing fractions
Providing we challenge children to justify their
answer, simple questions such as, “Would you rather
have ½ of the cake or ¼ of the cake?” can reveal
much about their understanding of the relative size
of fractions. In the following example we can see
that Child A understands that the more parts the
same whole is cut into the smaller each part will be,
whereas Child B does not.

them what they notice. Are they both halves? Why is
one half smaller than the other? When might halves
look different?

Similarly, we might show pupils a large cake and a
small cake, both cut into two equal portions, and ask

‘Three Colours’ (First Steps in Mathematics: Number
– Book 1, p104) is an excellent activity for checking
whether pupils understand that “pieces don’t have
to be congruent to be equivalent” (Fosnot & Dolk,
p137). The pupil is asked to shade a 3 × 3 grid,
making sure that each colour covers an equal portion
and that all portions are coloured. Again, discussion
and questioning are important. How many different
ways can you find to colour the grid? How can you be
sure you have found all of the ways? What fraction
of the whole shape is each small square? Which is
bigger, one third or one ninth? This activity can be
easily adapted for fifths, sixths etc.

Whilst ‘knowing where simple fractions sit on the
number line’ is a requirement of CfE First Level,
research suggests that the notion of fractions as
numbers may be too abstract for children at this

stage. ‘Counting in fractions’ can bridge the gap
between partitioned fractions and fractions as
numbers, and serve as a ‘light touch’ introduction to
‘reforming the whole’ (Wright et al, p226).

Naming fractions

five out of six equal parts) and that, “Only after they
are comfortable with fraction words should students
be expected to learn to use the symbolic conventions
for reading and writing fractional amounts” (Dept.
of Education and Training WA, p112). Teachers
must therefore use their professional judgment
in deciding when to introduce fraction notation,
initially for unit fractions and later for a range of
common fractions.

A: I would choose ¼ because too much sugar is bad
for my teeth.
B: I would choose ¼ because 4 is bigger than 2.

Traditionally, fraction notation has tended to
be introduced alongside concrete and pictorial
representations, e.g.

Unit fractions of quantities
However, researchers suggest this approach may
not foster the deep, conceptual understanding we
are looking for. Instead, our focus should be on the
meaning of fraction words (for example, one quarter
means one out of four equal parts; five sixths means

To understand fractions as division, children first
need to understand division as ‘repeated subtraction’
through experiences that require them to share and
group quantities equally. Distributing items between
plates, bags, cups etc. will help them define the size
of the group/share, for example:
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Share 12 cakes fairly between 2/3/4 plates. How
many cakes on each plate? Can 12 cakes be shared
equally between 5 plates? Why not?
There are 20 candy canes in the jar. How many party
bags can get 2/4/5 candy canes each?
There are 24 sweets in a packet. How many different
ways can they be divided into equal portions?
Research also suggests that children aged 6–9 years
“often do not link sharing to unit fractions” (First
Steps in Mathematics: Number. Diagnostic Map).
If this is true, then it is not unreasonable to expect
some children to make this connection sooner than
others. Again, teachers will need to use professional
judgement in deciding the most appropriate time
to challenge pupils’ ideas and observations. To try
to ‘force understanding’ by simply telling them, “To
find ½ we divide by 2” or “To find ¼ we divide by 4”
is futile and may only serve to confuse.

even be able to persuade him to write an article on
the subject for Issue 7. Watch this space!
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